Chapter 1

General Least Squares Fitting

1.1 Introduction

Previously you have done curve fitting in two dimensions. Now you will learn
how to extend that to multiple dimensions.

1.1.1 Non-linear

Linearizable

Some equations, such as

y = AelB?)

can be treated fairly simply. Linearize and do a linear least squares fit, as
you have done in the past. (Note: “Least Squares” applies to transformed
quantities, not original ones so gives a different answer than you would get
from a least squares fit in the untransformed quantities; remember in general
the idea of a line of “best fit” is not unique. For example, for the equation
shown, Iny vs. x is linear, so you can do a least squares fit in Iny, but this
will not give the same result as a least squares fit in y, since the sum of
squares of Iny will depend on the data in a different way than the sum of
squares in y.)



1.1.2 Linear
General

Some equations, such as this
y:bo—i‘bll’l—i‘bgl’g—i"”bkl’k

are linear, although in multiple variables. We can create a matrix of inde-
pendent data

1 r11 12 ... T1k

1 To1 X222 ... X9k
A= . .

1 21 xpo ... Tpk

from the z values, where x;; means variable z; for data point 7 and form a
vector of dependent data

Y1
b= :
Yn

where y; is the y data for data point i.
This creates a system which can be solved using the “regression” feature
of a spreadsheet. (Be sure to disable the calculation of the y—intercept, as

the first coefficient calculated will be the y-intercept, and standard errors
will be given for each parameter.)

Polynomial

Consider an equation such as this:
y = by + byw + by + - - - ba®

This is just a special case of the previous situation above, eg. x; = , 15 = 22,
x3 =23, etc. (or xy = 1/, 19 = 1/2? | etc.)

What about fit with skipped orders?

eg. y=a+b/z*+ ¢/’

In this case, 1 = 1/22, 2o = 1/2°.
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1.1.3 Goodness of fit

Often you must choose between different fits because you do not know what
type of equation to use. In this case you want to be able to answer the
question “Which fit is better?”

1. If both fits have the same number of parameters, then the better fit is
the one with the smaller SSE in the same quantity. (In other words,
if you're comparing a fit in y vs. x to one in Iny vs. x, you will first
have to calculate the SSE of both in y vs. z. If you have linearized
an equation to calculate a fit, you can still use that fit to calculate the
SSE in the original quantity afterward.)

2. One or both of the fits may have some parameters which are not “sta-
tistically significant”; (i.e. lots of parameters close to 0 are probably
meaningless.) How close to 0 is “close enough”?

e RULE: Adding more parameters — smaller SSE, (however a small
change in SSE may not be significant.) Whether or not the added
parameters are significant can be determined statistically if the fit
1s a linear one or one which can be linearized.

The following example illustrates how to do this for a linear fit.

1.2 Example

Consider the data shown in Table 1.1 and plotted in Figure 1.1. (Error bars
have been omitted for simplicity.)

It should be obvious that some possible equations for a fit to this data
may be polynomials in 1/z.

Some of these are shown in Figures 1.2, 1.3, and 1.4.

1. Do fit with ¢ + 1 parameters (as above); calculate the sum of squares
error and call it SSE;. If you use regression from a spreadsheet, you
can determine SSE from the results. Remember SSE; = s;%v;; in this
case vy =n — (g+1).

This gives us Table 1.2 and the resulting graph is Figure 1.2

Notice that the curve cannot “bend enough”, and so we will see what
happens if we add another parameter.
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Table 1.1: Sample Data

Figure 1.1: Plot of Sample Data
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Table 1.2: Data for Fit to A+ B/z

Figure 1.2: Graph of Fit to A+ B/x
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0.010000000000
0.011764705882
0.014285714286
0.020000000000
0.02777TTTTIT8
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(0.100000000000

0.000100000000
0.000138408304
0.000204081633
0.000400000000
0.000771604938
0.002500000000
0.010000000000

Table 1.3: Data for Fit to A+ B/x + C/2?

Figure 1.3: Graph of Fit to A+ B/z + C/z?



In our case, to compare the 2 parameter fit to the three parameter fit
we do this by creating a matrix

1 1/1’1

1 1/.’13'2
1= 1 . :

1 1/z,

and we solve as described earlier.
. Do fit with £ + 1 parameters (as above); calculate SSFE5. As above,
SSFEy = sy%v5 and in this case v, =n — (k + 1).
In our case, we do this by creating a matrix
27| : :
1 1/x, 1/22

and repeat.

. Calculate ss as follows:

\/SSE1 — SSE,
S3 =
k—g

and let 13 =k — g.
. Calculate F' as follows: )

53

F=—

822
If F'is big, then include the extra parameters. (In this case, it means
the SSE changed a lot by adding the extra parameters, which is what

would happen if they were really important.) How big is “big”?

. Look up Fy 4, ., from a table of the F' distribution in a statistics text,
where a determines the confidence interval; typically a = 0.05 for a
95% confidence interval. If the F' you calculated is greater than the
table value, then keep the extra parameters. Note: In the table, you
are given quantities vy and vo; you should use your calculated value of
v3 in place of vy in the table. Doing it this way keeps the table in the
same form you will find it in a statistics text.
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0.010000000000
0.011764705882
0.014285714286
0.020000000000
0.02777T7TTTT8
0.050000000000
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0.000100000000
0.000138408304
0.000204081633
0.000400000000
0.000771604938
0.002500000000
0.010000000000

0.000001000000
0.000001628333
0.000002915452
0.000008000000
0.000021433471
0.000125000000
0.001000000000

Table 1.4: Data for Fit to A+ B/x + C/z* + D /23

Figure 1.4: Graph of Fit to A+ B/x + C/2* + D /3



(Note that in some of the figures, the fit curve is not quite smooth, due to
an insufficient number of plotting points used.) It is not immediately obvious
which of the above curves fits the data “best”. We could even go on adding
higher and higher powers of 1/x until we had no more degrees of freedom *
left, but once we get no significant change, it’s time to stop.

Usually we want to compare two fits; in this example, we will compare 3
fits to illustrate the process more clearly. We will compare 2 fits at a time,
and in each case we will use g+1 2 to denote the number of parameters in the
“smaller” fit, and k + 1 to denote the number of parameters in the “bigger”
fit, so k is always bigger than g.

IThe number of degrees of freedom in a fit is the number of data points beyond the
bare minimum for that fit. So, for an average it is n — 1, since only one value is needed;
for a straight line it is n — 2, since two points are needed, etc. In general,

Vv=mn—m

where m is the number of parameters in the fit to be determined. Note that when you
have no degrees of freedom, you have no idea of the “goodness” of your data, and thus
cannot determine the standard deviation. Once you have even one degree of freedom, you
can do so.

2Why not just g? Because g is the degree of the polynomial, which has g+1 parameters.
For example a polynomial of degree 2, such as Ax? 4+ Bx + C has 3 parameters, namely
A, B, and C.



Quantity | Value Value Value
A+ Bz | A+ B/x+C/z* | A+ B/z+C/2* + D/x3
s 2.43 1.04 0.78
v ) 4 3
SSE 29.43 4.31 1.83
A -2.02 -6.45 -9.93
oA 1.37 1.09 1.91
B 488.15 784.5 1156.6
oB 30.56 62.79 189.98
C -2713.14 -12121.37
oc 562.24 4672.18
D 60476.14
) 29909.81

Table 1.5: Comparisson of Fit Parameters

e Note that the SSE gets smaller as the number of parameters increases,
but the change gets smaller.

e Note also that when a parameter is added, all of the previous parame-
ters change as well.

e Even though it is considered “insignificant”, the D parameter is bigger
than all of the rest! (However, note the size of its standard error.
Remember also that it gets divided by 23, which will range in size from
1000 — 1000000.)
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v \ow| L [ 2 | 3 [ 4] 5 |6 |
1 161.4 | 199.5 | 215.7 | 224.6 | 230.2 | 234
2 1851 | 19 |19.16 | 19.25 | 19.3 | 19.33
3 10.13 | 9.55 | 9.28 | 9.12 | 9.01 | 8.94
4 7.71 1 694 | 6.59 | 6.39 | 6.26 | 6.16
5 6.61 | 5.79 | 541 | 5.19 | 5.05 | 4.95
6 5.99 | 5.14 | 4.76 | 453 | 4.39 | 4.28
7 5.09 | 4.74 | 435 | 412 | 397 | 3.87
8 5.32 | 446 | 4.07 | 3.84 | 3.69 | 3.58
9 5.12 | 426 | 3.86 | 3.63 | 3.48 | 3.37
10 496 | 4.1 3.71 | 348 | 3.33 | 3.22
11 484 | 398 | 3.59 | 3.36 | 3.2 3.09
12 4.75 | 3.89 | 349 | 3.26 | 3.11 3
13 4.67 | 3.81 | 341 | 3.18 | 3.03 | 2.92
14 4.6 | 3.74 | 3.34 | 3.11 | 2.96 | 2.85
15 454 | 3.68 | 3.29 | 3.06 29 2.79
16 449 | 3.63 | 3.24 | 3.01 | 2.85 | 2.74
17 445 | 3.59 | 3.2 296 | 2.81 2.7
18 441 | 3.55 | 3.16 | 2.93 | 2.77 | 2.66
19 4.38 | 3.52 | 3.13 2.9 | 274 | 2.63
20 4.35 | 349 | 3.1 287 | 2.71 2.6
21 432 | 347 | 3.07 | 2.84 | 2.68 | 2.57
22 4.3 | 344 | 3.05 | 282 | 2.66 | 2.55
23 428 | 3.42 | 3.03 2.8 | 2.64 | 2.53
24 426 | 34 | 3.01 | 278 | 2,62 | 2.51
25 424 | 3.39 | 299 | 2.76 2.6 2.49
26 423 | 3.37 | 298 | 2.74 | 2.59 | 247
27 421 | 3.35 | 296 | 2.73 | 2.57 | 2.46
28 4.2 3.34 | 295 | 271 | 2.56 | 2.45
29 4.18 | 3.33 | 2.93 2.7 | 255 | 243
30 4.17 | 3.32 | 292 | 2.69 | 253 | 2.42
40 4.08 | 3.23 | 2.84 | 2.61 | 245 | 2.34
60 4 3.15 | 276 | 253 | 2.37 | 2.25
120 3.92 | 3.07 | 2.68 | 245 | 229 | 217
0 3.84 3 26 | 237 | 221 2.1

Table 1.6: F-Distribution Table (o = 0.05)
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\ w| 7 | 8 [ 9 |10 ] 12 ] 15 ] 2 [ 24 |
1 236.8 [ 238.9 [ 240.5 [ 241.9 [ 243.9 [ 245.9 | 248 [249.1
2 19.35 | 19.37 | 19.38 | 19.4 | 19.41 | 19.43 | 19.45 | 19.45
3 8.89 | 885 | 881 | 8.79 | 8.74 | 87 | 8.66 | 8.64
4 6.09 | 604 | 6 | 596 | 591 | 586 | 58 | 5.77
5 488 | 4.82 | 4.77 | 4.74 | 468 | 4.62 | 456 | 4.53
6 421 | 415 | 4.1 | 406 | 4 | 3.94 | 3.87 | 3.84
7 379 | 373 | 3.68 | 3.64 | 3.57 | 351 | 3.44 | 3.4l
8 35 | 344 | 339 | 3.35 | 328 | 322 | 3.15 | 3.12
9 329 | 3.23 | 3.18 | 3.14 | 3.07 | 3.01 | 2.94 | 2.9
10 314 | 3.07 | 3.02 | 298 | 291 | 2.85 | 2.77 | 2.74
11 301 | 295 | 25 | 2.85 | 279 | 272 | 2.65 | 2.61
12 291 | 285 | 2.8 | 2.75 | 2.69 | 2.62 | 2.54 | 2,51
13 2.83 | 277 | 2.71 | 2.67 | 2.6 | 2.53 | 2.46 | 2.42
14 276 | 2.7 | 2.65 | 2.6 | 253 | 246 | 2.39 | 2.35
15 271 | 264 | 259 | 254 | 248 | 24 | 2.33 | 2.29
16 2.66 | 259 | 2.54 | 249 | 242 | 235 | 2.28 | 2.24
17 2.61 | 255 | 249 | 245 | 238 | 231 | 2.23 | 2.19
18 2.58 | 251 | 246 | 241 | 234 | 227 | 219 | 2.15
19 2.54 | 248 | 242 | 238 | 231 | 223 | 2.16 | 2.11
20 2.51 | 245 | 239 | 235 | 228 | 22 | 212 | 2.08
21 249 | 242 | 237 | 232 | 225 | 218 | 2.1 | 2.05
22 246 | 24 | 234 | 23 | 223 | 215 | 2.07 | 2.03
23 244 | 237 | 232 | 227 | 22 | 213 | 2.05 | 2.01
24 242 | 236 | 2.3 | 225 | 218 | 211 | 2.03 | 1.98
25 24 | 234 | 228 | 2.24 | 2.16 | 2.09 | 2.01 | 1.96
26 2.39 | 232 | 227 | 222 | 215 | 2.07 | 1.99 | 1.95
27 2.37 | 231 | 225 | 22 | 213 | 206 | 1.97 | 1.93
28 2.36 | 229 | 2.24 | 219 | 212 | 2.04 | 1.96 | 1.91
29 2.35 | 228 | 2.22 | 218 | 2.1 | 203 | 1.94 | 1.9
30 2.33 | 2.27 | 2.21 | 2.16 | 2.09 | 2.01 | 1.93 | 1.89
40 225 | 218 | 212 | 208 | 2 | 1.92 | 1.84 | 1.79
60 217 | 21 | 2.04 | 1.99 | 192 | 1.84 | 1.75 | 1.7
120 2.09 | 202 | 1.96 | 1.91 | 1.83 | 1.75 | 1.66 | 1.61
00 2.01 | 1.94 | 1.88 | 1.83 | 1.75 | 1.67 | 1.57 | 1.52

Table 1.7: F-Distribution Table (o = 0.05)
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vi| 30 | 40 | 60 | 120 | oo |
250.1 [ 251.1 [ 252.2 [ 253.3 | 254.3
19.46 | 19.47 | 19.48 | 19.49 | 19.5
8.62 | 859 | 857 | 855 | 8.53
5.75 | 5.72 | 5.69 | 5.66 | 5.63
45 | 4.46 | 443 | 4.4 | 4.36
381 | 3.77 | 3.714 | 3.7 | 3.67
3.38 | 3.34 | 3.3 | 3.27 | 3.23
3.08 | 3.04 | 3.01 | 297 | 2.93
2.86 | 2.83 | 2.79 | 2.75 | 2.71
2.7 | 266 | 2.62 | 2.58 | 2.54
257 | 2.53 | 249 | 245 | 2.4
247 | 243 | 238 | 234 | 2.3
238 | 234 | 23 | 225 | 2.21
231 | 2.27 | 2.22 | 2.18 | 2.13
225 | 22 | 216 | 2.11 | 2.07
2.19 | 2.15 | 2.11 | 2.06 | 2.01
215 | 2.1 | 2.06 | 2.01 | 1.96
2.11 | 2.06 | 2.02 | 1.97 | 1.92
2.07 | 2.03 | 1.98 | 1.93 | 1.88
204 | 1.99 | 1.95 | 1.9 | 1.84
2.01 | 1.96 | 1.92 | 1.87 | 1.81

2

DO N = = = e e e e e
S OO0 U W RO L XTI E W

22 198 | 1.94 | 1.89 | 1.84 | 1.78
23 196 | 1.91 | 1.86 | 1.81 | 1.76
24 194 | 1.89 | 1.84 | 1.79 | 1.73
25 192 | 1.87 | 1.82 | 1.77 | 1.71
26 1.9 1.85 1.8 1.75 | 1.69
27 1.88 | 1.84 | 1.79 | 1.73 | 1.67
28 1.87 | 1.82 | 1.77 | 1.71 | 1.6
29 1.85 | 1.81 | 1.75 1.7 1.64
30 1.84 | 1.79 | 1.74 | 1.68 | 1.62
40 1.74 ] 1.69 | 1.64 | 1.58 | 1.51
60 1.65 | 1.59 | 1.53 | 147 | 1.39
120 1.55 1.5 143 | 1.35 | 1.25
00 146 | 1.39 | 1.32 | 1.22 1

Table 1.8: F-Distribution Table (o = 0.05)
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